Abstract. Assume (M, ω) is a connected, compact 6 dimensional symplectic manifold equipped with a semi-free Hamiltonian circle action, such that the fixed point set consists of isolated points or compact orientable surfaces. We restrict attention to the case dim H 2 (M ) < 3. We give a complete list of the possible manifolds, determine their equivariant cohomology ring and equivariant Chern classes. Some of these manifolds are classified up to diffeomorphism. We also show the existence for a few cases.
Introduction
Assume (M, ω) is a connected, compact 6 dimensional symplectic manifold equipped with a nontrivial semi-free (free outside fixed point sets) Hamiltonian circle action. It is well known that the moment map φ is a real-valued perfect Bott-Morse function. The critical points of φ are exactly the fixed point sets M S 1 of the circle action, and M S 1 is a disjoint union of symplectic submanifolds. Therefore, in dimension 6, the fixed point sets could be 0, 2 or 4 dimensional. If the fixed points are all isolated, by [TW1] , there are precisely 8 fixed points and the manifold is diffeomorphic to (CP 1 ) 3 . If the fixed point set consists of isolated points or orientable closed surfaces, the situation is much more complicated. In this paper, we consider this question for the case dim H 2 (M ) < 3. We give a complete list of the possible manifolds, determine their equivariant cohomology rings and equivariant Chern classes. Some of these manifolds are classified up to diffeomorphism. One of them arises as a coadjoint orbit. Some of the others arise as toric varieties.
Each critical set of the moment map φ has even index, which is twice of the number of negative weights of the isotropy representation on the normal bundle of the critical set. Since the action is semi-free, the weights are +1 or −1. In dimension 6, there are only index 0, 2, 4 or 6 critical sets. We know that φ has a unique local minimum and a unique local maximum ( [A] ).
Example 1. Let S 1 act on CP 3 as: λ[z 1 , z 2 , z 3 , z 4 ] = [λz 1 , λz 2 , z 3 , z 4 ]. The action is semi-free and Hamiltonian with 2 fixed spheres; they are the minimum and the maximum of the moment map.
Example 2. Consider SO(5). Let T 2 be a maximal torus. Embed t * in g * (dual lie algebra of SO (5)). Identify t * with R 2 . The roots of the SO(5) action on t of t * is a symplectic manifold and the projection to t * is a moment map for the T 2 -action. The fixed points for the T 2 action are exactly the Weyl group orbit of x in t * . The isotropy weights at a fixed point y are exactly those roots α ∈ t * for which α, y < 0. Now consider the coadjoint orbit of SO(5) through the point (1, 0). The Weyl group orbit of this point consists of the points (1, 0), (−1, 0), (0, 1), and (0, −1). See the following picture for the moment map image of T 2 .
The isotropy weights at (1, 0) are (−1, 1), (−1, 0), and (−1, −1). It is easy to see that the e × S 1 action is semi-free and it has 3 fixed point set components: an isolated maximum, an index 2 sphere and an isolated minimum.
Let S 1 act on a connected, compact symplectic manifold (M, ω) with moment map φ. Let a ∈ im(φ), then φ −1 (a)/S 1 = M a is called the reduced space at a. If the action is semi-free, then for regular value a, M a is a smooth manifold; for singular value a, it is not clear whether or not M a is a smooth manifold. However, in dimension 6, the fixed point sets are the minimum, the maximum or of index 2 or co-index 2. By [GS] , all the reduced spaces (including those on critical levels) are smooth manifolds. Moreover, when the index 2 and co-index 2 fixed point set consists of surfaces, the reduced spaces are all diffeomorphic, and the index 2 (also of co-index 2) surface is symplectically embedded in this reduced space. Now assume the fixed point set only consists of surfaces. Then the reduced spaces are all diffeomorphic to an S 2 bundle over a Riemann surface. (It is enough to consider the reduced space at a regular value right above the minimum Riemann surface). Moreover, the natural diffeomorphism between the reduced spaces is induced by the Morse flow on M . More explicitly, if there is no critical set between two level sets, the Morse flow gives a one to one correspondence between the level sets. Assume there is an index 2 (also of co-index 2) fixed surface F with φ(F ) = c. Assume F is the only fixed point set in φ −1 (c − ǫ, c + ǫ). Then each S 1 orbit in this neighborhood which flows into F corresponds to a unique point of F and corresponds to a unique S 1 orbit which flows out of F . (See [Mc] for detail). So in both cases, there is a well defined diffeomorphism between the reduced spaces. This diffeomorphism takes a homology class of the reduced space at a regular level right above the minimum to a homology class of the reduced space at a regular level right below the maximum. We give the following definition: Definition 1. Let (M, ω) be a compact connected symplectic manifold equipped with a semi-free Hamiltonian circle action. Assume the fixed point set consists only of surfaces. If the fibers of the reduced spaces at a regular level right above the minimum and right below the maximum can be represented by the same cohomology class of the reduced space, we say there is no twist; otherwise, we say there is a twist.
CP
3 in Example 1 has a twist, see Section 6 for a picture and an explanation.
Example 3. Let S 1 act on (CP 1 ) 3 by rotating the first 2 spheres with speed 1 and fixing the third sphere; the fixed point set consists of 4 spheres, and there is no twist.
Definition 2. For each manifold, we define the fixed point data to be the diffeomorphism type of the fixed point sets, their indices, and b min , where b min denotes the 1st Chern number of the normal bundle of the minimum when the minimum is a surface.
Remark 1. The fixed point data is not enough to describe the manifold type. In Section 6, we give two toric varieties which have the same fixed point data but one is twisted and the other one is not twisted. Remark 2. The picture gives us an order of how the moment map crosses the fixed point sets. For instance, manifold of type (1) means that the manifold has an isolated minimum, an index 2 sphere, and an isolated maximum.
For manifold of type (2), the two index 2 spheres can not be on the same level of the moment map.
For manifolds of type (3) and (5), the moment map can cross the two nonextremal fixed point sets in any order or the 2 fixed point sets are on the same level of the moment map.
Notice that Example 1 is of type (4) and Example 2 is of type (1), so this proves the existence of manifold of type (1) Proof. By Theorem 2 and Corollary 1, we only need to show that the map H *
We have the following commutative diagram:
We have the commutative diagram for the long exact sequences in equivariant cohomology and ordinary cohomology. The long exact sequence for equivariant cohomology in Z coefficients splits is by [TW2] (since the fixed point set has no torsion cohomology). The surjectivity of H h 1 is clearly surjective after we identify the relative equivariant cohomology (or cohomology) with the equivariant cohomology (or cohomology) of F by using Thom isomorphism. By diagram chasing, we can prove h 2 is surjective. If the minimum is a surface, and the maximum is isolated, then the minimum has to be a sphere. The reason is: φ is a perfect Morse-Bott function and each critical set has even index, so none of the critical sets contributes to H 5 (M ), hence H 5 (M ) = 0; by duality, H 1 (M ) = 0. Since to pass these critical sets won't increase or kill H 1 (M ), therefore the minimum surface has genus 0. Argue similarly for the rest of the statement.
We will approach the proof of Theorem 1 separately, according to the dimensions of the minimum and the maximum.
2.1. The minimum and the maximum are isolated. If dim H 2 (M ) < 3, by Lemma 1, we have the following 3 possibilities (N F denotes the number of fixed point set components):
(i) N F = 3: the minimum, one index 2 surface, and the maximum.
(ii) N F = 4: the minimum, two index 2 surfaces, and the maximum.
(iii) N F = 5: the minimum, one index 2 surface, one index 2 point, one index 4 point, and the maximum.
( There is at least 1 surface, see introduction for reason.) In fact the following is true: Before proving the lemma, let's do some preparation. If a is a regular value of the moment map φ, then S 1 acts freely on φ −1 (a), so we have a principal circle bundle (1)
where M a is the reduced space at a. Let c be a critical value of the moment map φ, and S ⊂ φ −1 (c) be an index 2 fixed surface. Assume for small ǫ, S is the only critical set in φ −1 ([c − ǫ, c + ǫ]). Let P c−ǫ be the circle bundle φ −1 (c − ǫ) over M c−ǫ , e(P c−ǫ ) be its Euler class. P c+ǫ and e(P c+ǫ ) have similar meanings. By [GS] or [Mc] , M c+ǫ is diffeomorphic to M c−ǫ (in dimension 6), let's call them M red (reduced space). Moreover, there is a symplectic embedding i : S → M red such that if i(S) = Z, and η is the dual class of Z in M red , then (2) e(P c+ǫ ) = e(P c−ǫ ) + η.
Choose an almost complex structure of M red such that Z is J-holomorphically embedded in M red , then we have the adjunction formula (see for example [McS] )
is the 1st Chern class of the tangent bundle of M red , <, > is the natural pairing between homology and cohomology, and g is the genus of the surface S.
In this article, when we say "above" or "below" some critical level, we mean at a regular level in a small neighborhood of the critical level, such that there are no other critical level in this neighborhood.
Proof of Lemma 2:
Proof. Since the minimum (or maximum)is isolated, M red at a regular value above the minimum (or below the maximum) is diffeomorphic to CP 2 , and the circle bundle (1) over M red is the Hopf fibration
is a generator, and−u is the Euler class of this circle bundle at regular values above the minimum, then u is the Euler class of it at regular values below the maximum. If η = au is the dual class of a surface in CP 2 , then by (3)
If a 1 u, a 2 u, ... are the dual classes of the fixed surfaces in CP 2 , then by (2), we have
The surfaces are symplectically embedded in CP 2 which implies a i > 0 for i = 1, 2, ..., so either a = 2, i.e., there is only one fixed surface with dual class η = 2u in CP 2 ; or a 1 = 1, a 2 = 1, i.e., there are two fixed surfaces with dual classes
In either of these two cases, (4) gives g = 0. Notice that for the case with 2 spheres, the 2 spheres can't be on the same level of the moment map. If they were, they would have intersection CP 2 u · u = 1 which contradicts the fact that they are disjoint.
Notice from the proof the following. Assume the reduced spaces are all diffeomorphic to CP 2 . If there is any fixed point, then the action has to be Hamiltonian.
Regarding (iii), let's prove

Lemma 3. There are no manifolds in category (iii).
By [GS] , when the moment map crosses an index 2 point (index 4 point), the reduced space changes by a blow up at a point (blow down of an exceptional divisor). Now let M − be the reduced space before surgery (blow up or blow down), M + be the reduced space after surgery, and let e(P − ) be the Euler class of the principal circle bundle over M − , e(P + ) be the Euler class of the principal circle bundle over M + . Let η ex,div be the dual class of the exceptional sphere in M + after blow up or in M − before blow down. Let's always call the blow down map by β. By [GS] , we have the following:
Corresponding to blow up, (6) e(P + ) = β * e(P − ) + η ex,div .
Corresponding to blow down,
β * e(P + ) = e(P − ) + η ex,div .
Remark 3. These are the formulas for φ going from minimal value to maximal value. When we look at the manifold upside down, the Euler class of the principal circle bundle changes sign. So the above two formulas don't contradict each other.
Proof of Lemma 3:
Proof. Assume the index 2 surface has genus g. Since the reduced space at a regular value above the minimum is CP 2 , there is no exceptional sphere to blow down, so the moment map must cross the index 2 point before it crosses the index 4 point. The moment map crosses the critical sets in 2 possible orders: (a) the minimum, the index 2 surface, the index 2 point, the index 4 point, the maximum. (b) the minimum, the index 2 point, the index 2 surface, the index 4 point, the maximum. (The index 2 surface next to the maximum case is case (a) with the action reversed.) LetC P 2 be CP 2 blown up at a point. We look atC P 2 as the nontrivial S 2 bundle over S 2 . Let x, y ∈ H 2 (CP 2 ) be a basis which are the dual class of the fiber and the dual class of the exceptional divisor.
For (a), the reduced spaces change in the following way: Let au be the dual class of the index 2 surface in CP 2 , by (2), (6) and (7), we have
where β * u = x + y. We see that there is no a satisfying this equation. So (a) is not possible. For (b), the reduced spaces change in the following way: In this case, the index 2 surface is embedded inC P 2 . Let cx + dy be the dual class of the index 2 surface inC P 2 , then by (2), (6) and (7), we have
where
For c = 2, d = 0, there is no g 0 satisfying this formula. So (b) is not possible either.
From the above, we know that this manifold doesn't exist.
So in this section, we proved there are only 2 possible manifolds (i) and (ii) with the surfaces being spheres. Let us give them new names manifold of type (1) and manifold of type (2). They are type (1) and type (2) in Theorem 1.
2.2.
The minimum is a surface and the maximum is a point. By Lemma 1, the surface is a sphere.
Lemma 4. Assume the maximum is isolated, the minimum is a sphere, and there are no index 2 surfaces. Let N 2 and N 4 denote the number of index 2 and index 4 isolated fixed points respectively, then N 4 = 3, N 2 = 2.
Thus, dim H 2 (M ) ≥ 3, and we don't consider this case.
Proof. We will use integration formula in equivariant cohomology. (See [Au] or [AB] for this formula.) Let λ ∈ H * S 1 (pt) be a generator, and u ∈ H 2 (minimum) be a generator. Let b min be the 1st Chern number of the normal bundle of the minimum.
Integrate 1 on M :
We get
Consider the equivariant 1st Chern class c 1 (T M ):
We obtain −b min + 5 − N 2 − N 4 = 0. Combine the above two equations, we get N 4 = 3. By Lemma 1, N 2 = 2.
If we assume dim H 2 (M ) < 3, then by Lemma 4 and Lemma 1, we have the following: (iv) isolated maximum, sphere minimum, an index 4 point, and an index 2 surface.
Lemma 5. The index 2 surface in (iv) is a sphere.
These are manifolds of type (3) in Theorem 1. Before proving Lemma 5, let's look at the reduced space at a regular value of φ above the minimum sphere. It is an S 2 bundle over S 2 , so it is either diffeomorphic to S 2 × S 2 or diffeomorphic toC P 2 (CP 2 blown up at a point).
Let's analyze this bundle more generally. Assume the minimum is a Riemann surface Σ g . The reduced space at a regular value above the minimum is an S 2 bundle over Σ g .
For
) be a basis which are the dual classes of the fiber S 2 and the base Σ g respectively. Then base x = S 2 ×Σg xy = 1,
Similarly, for the non-trivial bundle E Σg , let x, y ∈ H 2 (E Σg ) be a basis which are the dual classes of the fiber and the section Σ − which has self-intersection −1 respectively.
Now symplectically cut the manifold ( [L] ) at a regular value a of φ above the minimum surface (in a small neighborhood, such that there are no other critical sets). We get a space whose interior is diffeomorphic to φ −1 (minimal, a), whose boundary is M a . This space has a Hamiltonian circle action such that it has the same surface as the minimum and it has M a as the maximum. The surface minimum has the same normal bundle as it does in M , and the maximum has normal bundle −P a .
Let b min be the 1st Chern number of the normal bundle of the minimum surface, and let e(P a ) be the ordinary Euler class of P a . Integrate 1 on the cut space:
We have
Let's assume e(P a ) = px + qy. Since the restriction of the circle bundle (1) to the fiber is the Hopf fibration
so f iber e(P a ) = Ma (px + qy)x = q = −1.
, so b min is odd. So we have proved the following: 
Proof of Lemma 5:
Proof. In (iv), since M red can only change by a diffeomorphism and a blow down, and M red at a regular value below the maximum is diffeomorphic to CP 2 , so M red at a regular value above the minimum has to be diffeomorphic toC P 2 . Hence we can assume b min = 2k + 1. Let g be the genus of the index 2 surface.
Assume first that φ crosses the index 4 point before it crosses the index 2 surface S, i.e., M red changes fromC P 2 to CP 2 and remains to be CP 2 after φ crosses the index 2 surface. Let x, y be the basis of H 2 (C P 2 ) as taken above. After blow down, x + y ∈ H 2 (CP 2 ) is the generator. If η = a(x + y) is the dual class of the index 2 fixed surface in CP 2 , then by (2) and (7), we have
By(4), if a = 1, then g = 0, i.e., the index 2 surface is a sphere. And we have b min = 1 in this case. Next assume φ crosses the index 2 surface first, and then the index 4 point. This time the index 2 genus g surface is symplectically embedded inC P 2 . Let η = cx + dy be the dual class of the embedded image of it inC P 2 , then (kx − y) + (cx + dy) + y = x + y. (8) gives g = 0, i.e., the index 2 surface is a sphere. And the dual class of the index 2 sphere inC P 2 is η = (1 − k)x + y. So we get manifold of type (3) with b min = 2k + 1.
This gives
Remark 4. Note that if we have manifold(s) of type (3), we also have manifolds with the reverse S 1 action.
2.3. The minimum and the maximum are surfaces. The reduced space only changes by blowing up a point or blowing down an exceptional sphere, or by a diffeomorphism. Neither of these operations will change π 1 or H 1 of the reduced space, so the minimum and the maximum must have the same genus in order to keep π 1 or H 1 of the reduced space at regular values above the minimum and below the maximum the same.
For dim H 2 (M ) < 3, there are 3 possibilities: (v)The minimum and the maximum with the same genus g and no other fixed point sets.
(vi)The minimum and the maximum with the same genus g, 1 index 2 isolated point and 1 index 4 isolated point. (vii)The minimum and the maximum with the same genus g and an index 2 surface with genus g 1 .
About (v), we can prove the following lemma:
Lemma 8. If the minimum surface and the maximum surface are the only fixed point sets, then they must be spheres with b min = b max = 2, and there is a twist in this case.
Proof. This follows immediately from Lemma 6 and Lemma 7: if there were no twist, then kx − y = −k ′ x + y which can not be true. Only when there is a twist, i.e., kx
This is manifold of type (4) in Theorem 1. Proof. Now let's compute the 1st Chern numbers of the normal bundles of the minimum and the maximum: Integrate 1 on M :
Combine the above 2 equations, we get
So M red at regular values above the minimum and below the maximum are the nontrivial S 2 bundle over the surface.
If g = 0, there are 2 possible orders for the moment map to cross the critical sets: (a) the index 4 point first, (b) the index 2 point first.
For (a), the reduced spaces change in the following way: By Lemma 6, Lemma 7, (7) and (6), the Euler classes of the circle bundles change:
For (b), the reduced spaces change in the following way: Similarly, the Euler classes of the circle bundles change:
where β * y = w. For g > 0, since there is no exceptional sphere to blow down in the reduced space E Σg at a regular value above the minimum, the moment map has to cross the index 2 point first. The reduced space changes by blowing up a point in E Σg , then blowing down an exceptional sphere. Since after blow down, M red must be E Σg , the exceptional sphere obtained by blowing up must be blown down. Analyze it as in the above (b), we will see that the circle bundles change doesn't satisfy the right formula. So g > 0 can't be true.
About (vii), we can prove the following lemmas:
Lemma 10. Assume the fixed point sets are 3 surfaces and there is no twist. Let g and g 1 be the genus of the minimum (maximum) and the index 2 surface respectively, and let b min = n. Then b max = −n − 2(1 + g 1 − 2g); η = (1 + g 1 − 2g)x + 2y for even n, and η = (2 + g 1 − 2g)x + 2y for odd n. Proof. If b min = n = 2k ( or 2k + 1), b max = n ′ = 2k ′ ( or 2k ′ + 1) are even (or odd), then M red is diffeomorphic to the trivial S 2 bundle over the Riemann surface Σ g , Σ g × S 2 ( or the nontrivial S 2 bundle over Σ g , E Σg ). Let η = cx + dy be the dual class of the embedded image of the index 2 surface in the reduced space, by (2), Lemma 6 and Lemma 7, we have (10) kx − y + (cx + dy) = −k ′ x + y.
The genus g 1 surface is embedded in M red , the adjunction formula gives
). ( Same for odd case.)
Proof of Lemma 11:
Proof. We have seen that in this case, g = 0 and b min = n = 2k, b max = n ′ = 2k ′ are even, and M red ≃ S 2 × S 2 . Note also that there is a twist. So (10) becomes
In (11), take g = 0, then
Combine the above equations, we have kk
, then g 1 = 0 (i.e., if b min = 0 or b max = 0, then the fixed point sets are 3 spheres). Then
n )y. We will compute the cohomology class of the reduced symplectic form at the index 2 critical level and make sure this class does contain a symplectic form. We will use the fact that the index 2 surface is a symplectic submanifold in the reduced space, and the fact that the size of the maximum is positive. We will see that g 1 > 0 can not be true. So g 1 =0.
In detail, assume α 0 is the size of the minimum, t 0 is the distance between the minimum and the index 2 surface, and t 1 is the distance between the index 2 surface and the maximum. For convenience, let's use the following picture (the left hand side data are the Euler classes of the principal circle bundles over M red ). By Duistermmat-Heckman formula, when 0 < t ≤ t 0 , we have [ω t ] = (α 0 −kt)x+ ty. So we need α 0 > kt 0 to make the classes contain symplectic forms.
We also need
In summary, we need α 0 > kt 0 , and
Now assume that g 1 > 0, the second part of the second inequality says k > 0. The second inequality is
Since g 1 > 0, k > 0 and g1 k should be an integer, so we can assume g1 k = m ≥ 1. The last inequality implies
According to the choice, this is not possible. Therefore g 1 = 0.
This completes the proof of Theorem 1.
Proof of Proposition 1
Let S be a fixed surface of index 2, and S ⊂ φ −1 (c) be the only fixed point set on this level. The normal bundle of S in M splits into two line bundles: the positive normal bundle E + and the negative normal bundle E − . By [Mc] , the normal bundle of i(S) = Z in M red is E + ⊗ E − . So if b + and b − are the Euler numbers of E + and E − respectively and η is the dual class of Z in M red , then
Let's look at the symplectic cutting ( [L] ) in a neighborhood of the critical level c, we get a 6-dimensional space M c+ǫ c−ǫ whose interior is diffeomorphic to φ −1 (c−ǫ, c+ǫ), whose boundary is M c−ǫ ∪ M c+ǫ . It has 3 fixed point set components: M c−ǫ as the minimum with normal bundle P c−ǫ , the index 2 surface S with normal bundles E + and E − , and M c+ǫ as the maximum with normal bundle −P c+ǫ .
On this space, integrate 1:
This gives
Remark 5. If there are other fixed point sets on the same level as S, then (13) is different, and e(P c+ǫ ) and e(P c−ǫ ) will change accordingly.
Use (2), (6) and (7) if necessary, it is easy to know e(P c−ǫ ) and e(P c+ǫ ) for each critical level c on which the index 2 surface is.
Then apply (12) and (13), we can obtain: For manifold of type (1):
For manifold of type (2):
, where I and Π denote the first and second index 2 sphere respectively.
For manifold of type (3):
For manifold of type (6a):
Proof of Theorem 2
Let S 1 act on a compact symplectic manifold M with moment map φ. Kirwan ( [K] ) shows that the inclusion of the fixed point sets to the manifold M
. If the cohomology of the fixed point sets has no p torsion for any prime p, or the action is semi-free, Tolman and Weitsman ([TW2] ) show that this is also true for integral cohomology.
So we want to determine H
To compute H * S 1 (M, Z)| M S 1 , let's consider the equivariant Morse stratification. Put an S 1 invariant Hermitian metric on M and look at the flow of the gradient vector field. The unstable manifolds corresponding to the fixed point sets form a Morse stratification of M . The Thom classes of the stratification is a basis of H * (M, Z) (this is also true for the negative gradient flow). Since the Morse stratification is invariant under the circle action, we have the equivariant Morse stratification, and the corresponding equivariant Thom classes give a basis of H * S 1 (M, Z) as a H * S 1 (pt) module. For each fixed point set component F with index i, there is a class α ∈ H * S 1 (M, Z) such that α| F is the equivariant Thom class of the negative normal bundle of F , and the restrictions of α to the fixed point sets with lower indices are zero. The restriction of this class to the fixed point set with the same index depends, but we can make a proper choice. The equivariant integration formula allows us to obtain this and the restrictions of this class to the fixed point sets with higher indices. So we can completely determine H * S 1 (M, Z)| M S 1 (See [K] for general idea about the basis).
In detail, we will give this basis explicitly for each of the manifolds we obtained.
Proof of Theorem 2:
Proof. Let λ ∈ H 2 S 1 (pt) and u ∈ H 2 (surface) be generators.
For manifold of type (1), let's label the minimum by F 1 , the sphere by F 2 , and the maximum by F 3 .
The basis of H * 
We get α 2 | F3 = −2λ. (Note that b + = 2.) So the equivariant cohomology ring is uniquely determined.
For manifold of type (2), let's label the minimum by F 1 , the first sphere by F 2 , the second sphere by F 3 , and the maximum by F 4 .
The basis of H *
Integrate α 3 on M , we get
The equivariant cohomology ring is uniquely determined.
For manifolds of type (3), let's label the critical sets as: F 1 for the minimum, F 2 for the index 2 sphere, F 3 for the index 4 point, and F 4 for the maximum.
We have the following basis for H * S 1 (M, Z):
we need to compute the restrictions of α ′ 1 to the other fixed point sets.
and α 2 | F1 = 0. The restrictions of α 2 to the other fixed point sets need to be determined. α
Integrate α 3 :
We can assume α
We get 3a − b + 2 = 0.
Combine the above 3 equations, we can get the only integer solution:
We can assume α 2 | F4 = dλ, and α 2 | F3 = eλ. Similar to the above, integrate α 2 and α 2 · c 1 (T M ), we obtain
We can also integrate α 2 2 and α 2 · α ′ 1 to get another 2 equations, one can check that the above solutions will satisfy these 2 equations.
So we see that the fixed point data determines the equivariant cohomology ring.
Due to similar computations, we will omit some detailed calculations for manifolds of type (4) and (5).
For manifold of type (4), let's call the maximum F 1 , and the minimum F 2 . Note that
The basis is:
For manifold of type (5), let's label the minimum by F 1 , the index 2 point by F 2 , the index 4 point by F 3 , and the maximum by F 4 .
Note that b max = b min = 1. The basis is:
2 u, and α ′ 4 | F1,F2,F3 = 0. Where a, b, c, d, e, f, g need to be determined.
Integrate α 3 , we get α 3 | F4 = −λu.
Similarly, integrate α 2 , α 2 · c 1 (T M ) and (α 2 ) 2 , we get
(If we integrate α 2 ·α ′ 1 , we will see that the above solutions satisfy this equation.) Hence the fixed point data determines the equivariant cohomology ring.
For manifolds of type (6a) and (6b), let's label the minimum surface by F 1 , the index 2 surface by F 2 , and the maximum surface by F 3 .
where c needs to be determined.
We get (17) b max ae + (af + be) +d = 0.
Similarly, integrate α 2 , we get
Note that in the above computation, for manifolds of type (6b),
If we solve the equations directly, we will get multiple solutions. Hence we need the following lemma to finish the proof. 
where ǫ < r. The two downward maps on the left clearly map α ′ 1 todu which is an ordinary cohomology class. Let's denote the composition of the downward map on the right with the rightward map by κ. Now consider α ′ 1 in the neighborhood φ ≤ ǫ, according to the choice of α ′ 1 , it is an ordinary cohomology class in this neighborhood, and min α ′ 1 = 1, so its image in the reduced space is the dual class of the fiber S 2 , which is x.
κ(α ′ 1 ) = x. Regarding the leftward map, it is induced by the following embedding Since there is a natural diffeomorphism between the reduced spaces at different regular values, the image of α ′ 1 in each reduced space remains the same. To prove the second statement, we need to consider another cohomology class β ∈ H 2 S 1 (M ) for the downward flow (or for the Morse function −φ), such that β| max = u. We can similarly prove that for the non-twisted case, κ(β) = x, for the twisted case, κ(β) = y.
Integrate (α ′ 1 · β) overM h−ǫ , (the cut space including the maximum.) (see [L] or [Ka] ), we get: For the non-twisted case, Therefore, the equivariant cohomology rings of manifolds of type (6a) and type (6b) are determined by the fixed point data.
Proof of Proposition 2
Lemma 13. (See [Li] ) Manifolds of type (1), (2), (3), (4), (5) and (6b) Proof. This is because the fixed point sets have no torsion homology. See [F] .
Lemma 15. Let c 1 (T M ) be the equivariant 1st Chern class of M . Let α 1 ≡ 1 ∈ H * S 1 (M, Z), and let α 2 , α 3 ,... be a basis of H 2 S 1 (M, Z). If c 1 (T M ) = n 1 λα 1 + n 2 α 2 + n 3 α 3 + ..., and n 2 , n 3 , ... are even integers, then w 2 (M ) = 0.
Proof. Let c be the ordinary 1st Chern class of the tangent bundle T M , then by [MS] , w 2 (M ) = c(mod 2). The lemma follows from this fact. In this picture, the edges bd and ac represent the minimum and the maximum. We saw that the reduced spaces of this manifold are all diffeomorphic to S 2 × S 2 (see Lemma 6). The intersections of this picture with horizontal planes are the reduced spaces. It is easy to see that different homology classes in S 2 × S 2 shrink to 0 when we approach the minimum and the maximum. 
